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TRIANGULATION 
AND TRILATERATION 











6.1 TRIANGULATION SURVEYS 


Triangulation is one of the methods of fixing accurate controls. It is based on the trigonometric 
proposition that if one side and two angles of a triangle are known, the remaining sides can be 
computed. A triangulation system consists of a series of joined or overlapping triangles in which 
an occasional side called as base line, is measured and remaining sides are calculated from the 
angles measured at the vertices of the triangles, vertices being the control points are called as 
triangulation stations. 


Triangulation surveys are carried out 

1. to establish accurate control for plane and geodetic surveys covering large areas, 
2. to establish accurate control for photogrammetric surveys for large areas, 

3. to assist in the determination of the size and shape of the earth, 
4 


to determine accurate locations for setting out of civil engineering works such as piers and 
abutments of long span bridges, fixing centre line, terminal points and shafts for long 
tunnels, measurement of the deformation of dams, etc. 


When all the sides of a triangulation system are measured it is known as the trilateration system. 
However, the angular measurements define the shape of the triangulation system better than wholly 
linear measurements and so it is preferred that a number of angles are included in trilateration system. 


A combined triangulation and trilateration system in which all the angles and all the sides are 
measured, represents the strongest network for creating horizontal control. 


6.2 STRENGTH OF FIGURE 


The strength of figure is a factor considered in establishing a triangulation system to maintain the 
computations within a desired degree of precision. It plays an important role in deciding the layout 
of a triangulation system.The expression given by the U.S. Coast and Geodetic Survey for evaluation 
of strength of figure is 


9 4 
É =I R ...(6.1) 


where i 


the square of the probable error that would occur in the sixth place of 


the logarithm of any side, 
d = the probable error of an observed direction in seconds of arc, 
= a term which represents the shape of a figure 


2 
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= PZC у (Bi + 8450 + 83) ...(6.2) 


D = the number of directions observed excluding the known side of the figure, 


04,03, дс = the difference in the sixth place of logarithm of the sine of the distance 


angles A, B, C, etc., respectively, 
C = (н -5'+1)+ (0-25 +3) ...(6.3) 
п’ = the total number of sides including the known side of the figure, 


n = the total number of sides observed in both directions including the 
known side, 


S’ = the number of stations occupied, and 


S = the total number of stations. 


6.3 DISTANCE OF VISIBLE HORIZON 


If there is no obstruction due to intervening ground between two stations A and B, the distance 
D of visible horizon as shown in Fig. 6.1 from a station A of known elevation Л above mean sea 
level, is calculated from the following expression: 


ә 





D 
h= 1-2т ...(6.4 
zR - 2m) (6.4) 
where h = the elevation of the station above mean sea level, 


D - the distance of visible horizon, 
К = the mean earth's radius (~6373 km), and 


т = the mean coefficient of refraction (taken as 0.07 for sights over land, 0.08 
for sights over sea). 


B 
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Fig. 6.1 
For the sights over land 

h = 0.6735 D* metres ...(6.5) 


where D is in kilometers. 


The expression given by Eqs. (6.4) or (6.5), is used to determine the intervisibility between 
two triangulation stations. 


6.4 PHASE OF A SIGNAL 


When cylindrical opaque signals are used they require a correction in the observed horizontal angles 
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due to an error known as the phase. When sunlight falls on a cylindrical opaque signal it is partly 
illuminated, and the remaining part being in shadow as shown in Fig. 6.2 becomes invisible to the 
observer. While making the observations the observations may be made on the bright portion (Fig. 
6.2a) or the bright line (Fig. 6.2b). Since the observations are not being made on the centre of the 
signal, an error due to incorrect bisection is introduced in the measured horizontal angles at O. 


Observations Made on Bright Portion (Fig. 6.2a) 


When the observations are made on the two extremities A and B of the bright portion AB then the 
phase correction D is given by the following expression: 


В 


the angle between the sun and the line ОР, 


_ 206265 





г соѕ2(0/ 2) seconds ...(6.6) 


where Ө 
D = the distance OP, and 
r = the radius of the cylindrical signal. 

Observations Made on Bright Line (Fig. 6.2b) 

In the case of the observations made on the bright line at C, the phase correction is computed from 


the following expression: 


bs 292, cos (0/2) seconds ...(6.7) 


While applying the correction, the directions of the phase correction and the observed stations 
with respect to the line OP must be noted carefully. 
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Fig. 6.2 


6.5 SATELLITE STATION, REDUCTION TO CENTRE, AND ECCENTRICITY OF 
SIGNAL 


In triangulation surveys there can be two types of problems as under: 
(a) It is not possible to set up the instrument over the triangulation station. 


(b) The target or signal is out of centre. 
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The first type of problem arises when chimneys, church spires, flag poles, towers, light 
houses, etc., are selected as triangulation stations because of their good visibility and forming well- 
conditioned triangles. Such stations can be sighted from other stations but it is not possible to 
occupy them directly below such excellent stations for making observations on other stations. The 
problem is solved as shown in Fig. 6.3, by taking another station 5 in the vicinity of the main 
triangulation station C from where the other stations A and B are visible. Such stations are called 
the satellite stations, and determining the unobserved angle ACB from the observations made is 
known as the reduction to centre. 





In the second type of problem, signals are blown out of position. 
Since the signal S is out of centre as shown in Fig. 6.3, i.e., not over the 
true position of the station, the observations made from other stations A 
and B will be in error, but the angle $ observed at C will be correct. 
Therefore the observed angles at A and B are to be corrected. Such type 
of problem is known as the eccentricity of signal. Fig. 6.3 





The problems reduction to centre and eccentricity of signal are solved by determining the 
corrections œ and f. It may be noted that if the instrument is not centered over the true position 
of the station it will also introduce error in the angles measured at that station but it cannot be 
corrected since the observer has unknowingly made the centering error and therefore, the displacement 
of the instrument from the correct position of the station is not known. 


The observations made on the station С from the stations A and B, аге 04, Өр, respectively. 
At the satellite station S the measured angles аге Ө and y.If the line AS is moved to AC by an angle 
a, and the line BS is moved to BC by an angle f, the satellite station 5 moves to the main station 
C by amount d, and the angle 0 becomes ф by getting corrections œ and f. The values of the 
corrections œ and f are given by 


a = 206265 3 sin (Ө + y) seconds ...(6.8) 
а. 
В = 206265 —sin y seconds 206.9) 
а 
From A’s AOS and ВОС, we have 
ZAOS = ZBOC 
Ө+а=ф + В 
ф=0+а-– В ...(6.10) 


Eq. (6.10) gives the value of @ when the satellite station 5 is in 5, position shown in Fig. 6.4а. 
In general, depending upon the field conditions the following four cases may occur as shown in 
Fig. 6.4. 


Case-1: S, position of the satellite station (Fig. 6.4a) 
o=0+a- В 
Case-2: S, position of the satellite station (Fig. 6.4b) 
ф=0-а-+В ...(6.11) 
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Fig. 6.4 


Case-3: S position of the satellite station (Fig. 6.4c) 


g=0-a-B ...(6.12) 
Case-4: 5, position of the satellite station (Fig. 6.44) 
o=6+a+8. ...(6.13) 


6.6 LOCATION OF POINTS ВУ INTERSECTION AND RESECTION 


The points located by observing directions from the points of known locations, are known as the 
intersected points (Fig. 6.5a). When a point is established by taking observations from the point to 
the points of known locations, such points are known as the resected points (Fig. 6.5b). Generally 
the intersected points are located for subsequent use at the time of plane tabling to determine the 
plane-table station by solving three-point problem. Therefore, their locations are such that they are 
visible from most of the places in the survey area. The resected points are the additional stations 
which are established when the main triangulation stations have been completed and it is found 
necessary to locate some additional stations for subsequent use as instrument stations as in topographic 
surveys. This problem also arises in hydrographic surveys where it is required to locate on plan the 
position of observer in boat. 


In Fig. 6.6a, let A, B, and C be the main triangulation stations whose locations are known. 
P is the point whose location is to be determined. 





(a) (b) 


Intersected point Resected point 


Fig. 6.5 
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Since the coordinates of A, B, and C are known, the lengths а, b, and the angle В аге known. 
The angle œ and y are observed at A and C. 


Let ZAPB -0 
ZBPC =ф 

АР=х 

ВР=у 

CP-z 


From A's ABP and BCP, we get 


y a 


sina  sinO 














y Ё 
and siny sing 
sin а sin 
Or y-a =ь°"7 ...(6.14) 








sin sing ` 
Also for the quadrilateral ABCP, we have 
+В+ү+ф+0=360°. ...(6.15) 


There are two unknowns Ө and ф in two equations (6.14) and (6.15). The solution of these 
equations gives the values of Ө and ф, and then the values of х, y, and z can be calculated by sine 
law. Knowing the distances x, y, and z, the point P can be plotted by intersection. 


If the coordinates of P, A and B are (Xp, Yp), (Ха, Үд), and (Хь, Ув), the reduced bearings 
0, and 0, of AP and BP are respectively given by 


tan 0, = А2 Ха 
= ...(6.16) 

Xp— Xg 

tan Ө = ————— 
к= т ‚..(6.17) 


Since 0, апа 0, are now known, by solving the simultaneous equations (6.16) and (6.17) the 
coordinates Xp are Yp are determined, and the point P is located. The check on the computations 
is provided by computing the distance CP. 


In the case of resected points shown in Fig. 6.6b, the angles о and y are unknowns, and 
the angles Ө and @ are measured by occupying the station P. The Eqs. (6.14) and (6.15) solve 
for œ and y, and then x, y, and z are computed by sine law. The point P can be located now by 
intersection. Since in this case the angles œ and y are not measured, the solution of Eqs. (6.14) and 
(6.15) is obtained as explained below. 
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From Eq. (6.15), we get 
a+y=360° - (B +0 +ф) 
1 "E 
or аи Nl E ...(6.18) 
From Eq. (6.14), we have 
siny  asinó 
sina bsinO- 
sin ү 
—* = tan À. 
ш sin & 
a sin ф 
= tan À. 
Therefore ls ...(6.19) 
We can also write 
= +1=tand+1 
sin Œ 
іад 
sin Œ 
or SLUT SY Si tat 45° 
sin Œ 
and Sin SInY 1. tanAtan45" 
sin Œ 
sina —siny _1—tan/Atan 45° 
SE sna@+siny tanA+tan45° 
2cos! (a y)sin (a-y) 
2 2 = 1 
2sin 1 (а + ү)сов (а =y) tan (45°+)) 
cot (22x) tan (2X) = cot (45? + A) 
2 2 
an (241) = cot (45° + A) tan (S21) ...(6.20) 
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о + 
Substituting the values of (t om Eq. (6.18) and the value of A from Eq. (6.19) in 


2 





a 
Eq. (6.20), we get the value of | | Now the values of œ and y can be obtained from the 


a+ ү о — Үү 
values of (= ) ana ( 5 | 


Obviously, a 








dun 
emt) 


Now the lengths x, y, and z are obtained by applying sine law in the triangles APB and BPC. 
The length y of the common side BP gives a check on the computations. The azimuths of the three 
sides AP, BP, and CP are computed, and the coordinates of P are determined from the azimuths 
and lengths of the lines. 





Y 


The following points should be noted: 


(a) Due regard must be given to the algebraic sign of tan (=+) and cot (45° + À) to get 





А a-y 
the correct sign of 5 j 


a+ 

(b) If (=) is equal to 90°, the point P lies on the circle passing through A, B, and C, and 
the problem is indeterminate. 

(c) Mathematical checks do not provide any check on the field work. 


(d) The angles Ө and ф measured in the field can be checked by measuring the exterior angle 
at P. The sum of all the angles should be 360°. 


(e) A fourth control station may be sighted to check the accuracy of a three-point resection. 
The two independent solutions should give the same position of the point P. It checks both 
the field work and computation. 


(f) The least squares method сап be used to adjust the overdetermined resection, and for the 
determination of the most probable values. 


6.7 REDUCTION OF SLOPE DISTANCES 


In trilateration system, the lengths of the sides of the figures are obtained by measuring the slope 
distances between the stations using EDM equipment, and reducing them to equivalent mean sea 
level distances. There are the two following methods of reducing the slope distances: 


1. Reduction by vertical angles 


2. Reduction by station elevations. 
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Reduction by Vertical Angles 
Fig. 6.6 shows two stations A and B established by trilateration. œ is the angle of elevation at A, 
and f is the angle of depression at B. The angle v is the refraction angle assumed to be the same 
at both stations. For simplicity in computations it is further assumed that the height of instrument 
above the ground and the height of the signal above the ground at both stations are same. Thus 
the axis-signal correction is zero. 


The angle subtended at the centre of the earth O, between the vertical lines through A and B, 
is 0. The angle OVB is (90? — 0) as the angle VBO in triangle VBO, is 90?. The distance L between 
A and B, is measured along the refracted line (curved) from A to B by the EDM. The distance L 
within the range of the instrument can be taken as the straight-line slope distance AB. The difference 
between the two distances in 100 km is less than 20 cm. 


In AVAB, 
ZVAB + ZABV + ZBVA = 180? 


(90? — a + v) + (B + v) + (90° — Ө) = 180? 


0=а+0- В 
1 
о=@+0-В8) 4:00:21) 
In ДВАВ’, 
ZBAB’= а – v + 092 ...(6.22) 
Substituting the value of v from Eq. (6.21) in Eq. (6.22), we get 
1 Ө 
2 BAB’ = 9-5 (@+0-В)- = y 


-l(g.g) 24523) 


Taking ZAB'B approximately equal to 90° in the triangle 
ABB’, the distance AB’ is very nearly given by 


АВ” = AB cos ВАВ” ...(6.24) 
With approximate value of АВ” the value of Ө can be 






computed with sufficient accuracy from the following A 
relationship. Y В Mean sea level 
X 
In AAOE, 
sin 9 = AE АВ’ 6.25 R 
2 OE 2R M das 


taking OE = R which the radius of earth for the latitude of the 
area in the direction of the line. 
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In AABB’, 
ХАВВ” 


180° — (ZBAB’ + ZAB'B) 


i800 1 90° + 9 
- ;««5-[ +2) 


90° — 1 (a +В +0) 

2 
The triangle ABB’ can now be solved by the sine law to give a more exact value of AB’ 
Thus 


AB sin ABB’ 


AB’ = AB Ө 
sin |90 + 2) ...(6.26) 


The points М and М are the sea level positions of the stations A апа В, respectively. The chord 
length MN which is less than the chord length AB^ is given by 


hy 


MN = AB’ — AB’ 
R 


ha 
= AP’ | 1-— 
| J ...(6.27) 


where /, is the elevation of the station А. 


The sea level distance 5 which is greater than the chord length MN, is given by 








MN? 
5=ММ+ i ...(6.28) 
ог dl = S – ММ 
MN? 
= ...(6.29) 


The difference ôl is added to the chord distance MN to obtain the sea level distance S of the 
line. The value of ôl is about 250 cm in a distance of 100 km, and decreases to 1 ppm of the 
measured length at about 30 km. Thus, for distances less than 30 km, the chord-to-arc distance 
correction is negligible. 


Reduction by Station Elevation 


If the difference in elevation ДИ of the two stations A and В as shown in Fig. 6.7 is known, the 
measured slope distance L between the stations can be reduced to its equivalent sea level distance 
without making any further observations. Assuming the distance AB as the straight-line distance, 
the difference between the slope distance and the horizontal distance AC can be written as 
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WF > 














since the slope of the line AB is small. 
From ACBB', we have 


B'C = Ahsin : | 


The value of 6/2 is determined from Eq. (6.25) by calculating the approximate value of АВ” 
as below. 


2 
AB = AaB- ...(6.30) 
2AB 


We have AB’ = AD- B'D 
= AD-(B’C+CD) 





. Ө AP 
= АВ – | Ahsin—+ 
| 2 53 ...(6.31) 

Now the value of 5 is determined from Eq. (6.28) by substituting the value of MN from 
Eq. (6.27). 


6.8 SPHERICAL TRIANGLE 


The theodolite measures horizontal angles in the horizontal plane, but when the area becomes large, 
such as in the case of primary triangulation, the curvature of the earthmeans that such planes in 
large triangles called as spherical triangles or geodetic triangles are not parallel at the apices as 
shown in Fig. 6.8. Accordingly, the three angles of a large triangle do not total 180°, as in the case 
of plane triangles, but to 180° + е, where € is known as spherical excess. The spherical excess 
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depends upon the area of the triangle, and it is given by 


5 
= 
ГУС seconds " ...(6.32) 


where A, = the area of the triangle in sq km, and 


К = the mean radius of the earth in km (= 6373 km). à 
The triangular error is given by C 
€ = У Observed angles — (180° + £) Fig. 6.8 
=A+ B+ C - (180° - £g) ...(6.33) 


6.9 EFFECT ОЕ EARTH’S CURVATURE 


Due to the curvature of the earth causes the azimuth or bearing of a straight line to constantly 
changes resulting into the bearing of X from Y being not equal to the bearing of Y from X + 180°. 
As shown in Fig. 6.9, let XY be the line in question, and @, and ф, be the latitudes of its two ends 
X and Y, respectively. N and S are the terrestrial north and south poles, and the meridians of X and 
Y are SXN and SYN, respectively. At the equator these meridians are parallel, but this changes with 
progress towards the poles. Let the angles between the meridians at the poles be 6, which is equal 
to the difference in longitude of X and Y. The bearings of XY at X and Y ar о and a+ да, 
respectively. Here 5a indicates the convergence of the meridians, i.e., the angle between the 


meridians at X and Y. 
N — 900-6, 


























We have 
907-6, 
ХМ = 90° - $, 
ҮМ = 90° - ф, 
X *Y o Е Equator 
tan = cot 
2 x+y 2 
cos ——- 
5 
Fig. 6.9 
o 90? — — (90° — 
«+ |180 -a-óa TE 2) ( 1) ө 
tan = о 2 5 cot 
2 cog (20° = 92) + (90° = 1) 2 
2 
Sa °°° Qi z ф› 
tan | 90°— = cot 
| 2 | sin +% 
2 
5 sin фф 
tan 20 = 2 ‘ап 





178 SURVEYING 


For survey purposes, taking (фу — $5) and Ө small, we have 


Бо gg dE 9S 
2 


= Ө ѕіп ф 


where ф is the mean latitude of X and У. 


Within the limits of calculations it is quite adequate to assume that the meridians at X and 
Y are parallel when the two points are relatively close together (say < 40 km apart). With this 
assumption a rectangular grid can be established as in Fig. 6.10, in which the lines are spaced apart 
at mid-latitude distances. Thus A represents the length of 1” of latitude, and и represents the length 


of 1” of longitude at the mean latitude of X and Y in each case. / is the length of XY which 


is actually part of a great circle, and (a + à) is the average bearing of XY. 


Thus 
Ado = 1 cos | + ča) ...(6.34) 
дф = / sin | + ĉa) ...(6.35) 
апа õa = 00 sin ф ...(6.36) 
If X and У are widely separated, the triangle XNY is solved 
X+Y 


for angle X and Y using standard expressions for tan 


and tan 








6.10 CONVERGENCE 


The Grid North has its direction of the central meridian but elsewhere a meridian does not align with 
Grid North. Thus, in general, the grid bearing of a line will not equal the true bearing of that line 
if measured at a station by an astronomical method or by gyro-theodolite. To convert the former 
to the latter a convergence factor has to be applied. 


Example 6.1. In a triangulation survey, four triangulation stations A, B, C, and D were tied 
using a braced quadrilateral ABCD shown in Fig. 6.12. The length of the diagonal AC was measured 
and found to be 1116.40 m long. The measured angles are as below: 


© = 44?40'5590" ү = 63?19728" 
В = 67743'55" à = 29*38'50". 
Calculate the length of BD. 
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Solution (Fig. 6.11): 
In AABD, we have 
ZBAD = Ө = 180°-(@ +y B 
= 180? — (44?40/59" + 63°19’28”) 
= 71959733". : Е 
In ABCD, we have 
ZBCD = ф = 180? - (B + ô) 
= 180° — (67?43'55" + 29?38'50^) ji 
= 82°37'15". Fig. 6.11 
By sine rule in AABD, we have 
AB _ BD 
siny  sinO 
sin ү 
AB — BD 
sin 0 sa) 
By sine rule in ABCD, we have 
BC | BD 
sind 5іпф 
poppe (b) 
sin $ E 
By cosine rule in AABC, we have 
AC? = АВ? + BC? -2AB BC cos ABC ...(с) 
Substituting the values of АВ and BC from (a) апа (b), respectively, in (с), we get 
2 . 2 Е А 
AC? = BD? T Y , pp? S29 | opp SOY врз! АВС 
5107 Ө sin” ф зїп Ө sing 





= Вр? at + = +2507 mae cos ABC 
sin^O пф sinô sing 
sin? 6319/28" К sin? 29°38’50” , 5 sin 6319/28" 
111640? = pp?| sin’ 7159/33" віп? 8237/15” — sin 71°59’33” 


Р-Р идао 5н 677430887) 
sin 82°37 15 





= BD? x1.489025 
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1116.40° 
D = |————— = 914.89 m. 
1.489025 
Example 6.2. Compute the value of R for the desired maximum probable error of 1 in 25000 
if the probable error of direction measurement is 1.20”. 


Solution: 


L being the probable error that would occur in the sixth place of logarithm of any side, we 
have 


log +] = 17.37 х10%, 
25000 





1 
i i 1+ = 
The sixth place in log of | об Р 17. 





Thus = 17. 
It is given that 
d = 1.20”. 
2_4 12 
From Eq. (6.1), we have L cad К. 
er E рК EA " 
к 4\41 4(120]- ^^ 





Example 6.3. Compute the value of for the triangulation figures shown in Fig. 6.13. 


The broken lines indicate that the observation has been taken in only one direction. 


DAX 


Fig. 6.12 

Solution (Fig. 6.12): 
Figure (a) n=6 
п’ = 6 
5 = 4 
S’=4 


D = 2(n - 1) = 2x(6-1)- 10 
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Therefore 


Figure (b) 


Therefore 


Figure (c) 


Therefore 
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C = (n'-S’+1)+(n-25 +3) 





(6-4+1)+ 6-2х4+3) 











Example 6.4. Compute the strength of figure 
the length CD can be determined from the known side AB assuming that all the stations have been 


occupied, and find the strongest route. 


= 3+1 = 4. 
D-C _10-4_o¢ 
D 10 
n= 8 
n= 8 
S=5 
S’=5 
D = 2-1) 
= 2x(8-1)= 14 
C = (n/-S'*1)-(n-25 +3) 
= (8-—5+1)+ (8-2x5+3) 
= 4+1 = 5. 
реб 14-5 52 
D 14 
п = 20 
п’ = 18 
S = 10 
Ss’ = 10 
D = X(n- 0-2 
= 2x(20-1) -2 = 36 
C = (n’-S’+1)+(n-25 +3) 
= (18—10+1)+ (20-2х10+3) 
=9+3 = 12. 
D-C _36-12 
р 36 
= 0.67. 


ABCD (Fig. 6.13) for all the routes by which 


182 SURVEYING 


Solution (Fig. 6:13): 
There are four routes by which the length of CD can be computed. These are 
Route-1: AABD and ABDC having common side BD 
Route-2: AABD and AADC having common side AD 
Route-3: AABC and AADC having common side AC 
Route-4: AABC and ABCD having common side BC. 


The relative strength of figures can be computed quantitatively 
in terms of the factor R given by Eq. (6.2). By means of computed 
values of R alternative routes of computations can be compared, and Fig. 6.13 
hence, the best or strongest route can be selected. As strength of a figure is approximately equal 
to the strength of the strongest chain, the lowest value of R is a measure of the strongest route. 











For a braced quadrilateral, the value of ^D has been calculated in Example 6.3, and 


therefore 


D 





= 0.60. 


For each route the value of x (52 +9 40 Б +6 2) is calculated as below. 


ià А = ¥(62+65,6, +52). 


Route-1: 


h AABD, the distance angles for the sides АЗ апа BD аге 28° and 
(54? 46? = 100?), respectively. 


б» = sixth place of decimal of [log sin (28° + 1") — log sin (28°)] =3.96 
би = sixth place of decimal of [log sin (100° + 1") — log sin (100°) = —0.37 


h + 55g +625 = 3.96? +3.96х(—0.37)+0.37?° = 14.34 = 14. 


In ABDC the distance angles for the sides BD and CD are (70° + 42° = 112°) and 40°, 
respectively. 


бу» = Sixth place of decimal of [log sin (112° + 1”)—log sin (112°)] = — 0.85 
84,7 Sixth place of decimal of [log sin (40° + 1”)—log sin (40°)] = -2.51 


б» +5454 +82 = 0.85? + 0.85)x 2.514 2.51? = 5. 
Therefore A, = 14 + 5 = 19. 


In the similar manner А», Аз, and A, for the remaining routes аге calculated. 
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Route-2: 

In AABD the distance angles for the sides AB and AD are 28° and 52°, respectively. 
б» = 3.96 
дь. = 1.65 

In AADC the distance angles for the sides AD and CD аге 70°and 54°, respectively. 
8.5 = 0.77 
б = 1.53 
A, = 29. 


Route-3: 


In AABC the distance angles for the sides AB and AC are 42° and (52° + 40° = 92°), 
respectively. 


Ôp = 2.34 


Sy = – 0.07 


In AADC the distance angles for the sides AC and CD are (28° + 28° = 56°) and 54°, 
respectively. 


б = 142 
дд = 1.53 
А» = 12. 
Коше-4: 
In ДАВС the distance angles for the sides АВ and BC are 42° and 46°, respectively. 
бо = 234 
ӧл = 2.03 
In ABCD the distance angles for the sides ВС and CD are 28° and 40°, respectively. 
Ong = 3.96 
бы = 251 
A, = 46. 
Thus В, = 06x A, = 0.6 19 = 11 


К, = 06x А, =0.6 x 29 = 17 


The route-3 has the minimum value of R = 7, therefore the strongest route. 
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Example 6.5. In a triangulation survey, the altitudes of two stations A and B, 110 km apart, 
are respectively 440 m and 725 m. The elevation of a peak P situated at 65 km from A has an 
elevation of 410 m. Ascertain if A and B are intervisible, and if necessary, find by how much B 
should be raised so that the line of sight nowhere be less than 3 m above the surface of ground. 
Take earth’s mean radius as 6400 km and the mean coefficient of refraction as 0.07. 


Solution (Fig.6:15): 
The distance of visible horizon given by Eq. (6.4), is 


р? 
һ=——\1—2т 

A ) 
D = 2 Rh 

(1-2т) 

















_ 2 x 6400h 
(1—2 x 0.07) x 1000 





=3.85794Jh kilometre 


= 3.85794 4440 = 80.92 km. 


Therefore RT=D-AR 
= 80.92 – 65 = 15.92 km. 


2 
ВВ = (8) 
3.85794 


2 
-( 15.92 | ipi. 
3.85794 


ТВ = АВ — АТ 
= 110 - 80.92 = 29.08 km. 





ТВ) ) 


В = 
© (522 





-( 29.08 
3.85794 


ВВ = ВВ – ВВ, 
= 725 — 56.82 = 668.18 m. 


2 
| = 56.82 m. 
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From similar A's AP,P, апа ABB}, we get 


Р.Р _ ВВ, 
АР, АВ, 
2s А,В 


_ 65х668148 вз 
Ma вы 


P,P, = P,P, -P P, 
= 394.83 + 17.03 = 411.86 m. 


Since the line of sight has to be 3 m above the ground surface at P, the elevation of P may 
be taken as 410 + 3 = 413 m, or PP, = 413 m. The line of sight fails to clear P by РР, = 413 


— 411.86 = 1.14 m. Thus the amount of raising required at B is BB}. 


Therefore 


From similar A’s APP, and AB,B, we get 
BB, _ P,P 
AgBy Aoo 


_110х114 _ r 
65 = 1. ш = т. 


Example 6.6. Solve the Example 6.5 by Capt. McCaw’s method. 


Solution (Fig.6:16): 





Fig. 6.16 


It is given that 
2S = 110 km 


em 110 _ 55 кт 
2 
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65 km 

65 – 5 

= 65 — 55 = 10 km. 


л 
+ 
E 
И 


апа 


= 
ll 


From Capt. McCaw’s formula, we have 





һ= shy +ha)+ (by -һ„)^-($° - x? )созес? é ( 22") 


1 10 


= *(725+ 440) + 2 x (725—440) х 15 - (59-10) x 1x CORED 


2х6400 


х 1000 


= 582.5 + 25.909 — 196.523 
= 411.89 т. 


Неге h is same as P,P, obtained in Example 6.5. The line of sight fails to clear the line of sight 
Бу 413 - 411.89 = 1.11 па. The amount of raising BB, required at В is calculated now in a similar 
manner as in Example 6.5. Thus 


_ 1101.11 
65 


Example 6.7: Two triangulation stations A апа В, В being on the right of A, have cylindrical 
signals of diameter 4 m and 3 m, respectively. The observations were made on A on the bright 
portion and on B on the bright line, and the measured angle АОВ at a station О was 44°15’32”.The 
distances OA and OB were measured as 4015 m and 5635 m, respectively. The angle which the 
sun makes with the lines joining the station O with A and B was 42°. Calculate the correct angle 
AOB. 


Solution (Fig.6:17): 


= 1.88 m = 2 т. 





Given that E 
D, = 4015 m; D, = 5635 m 
r,=2m; г) = 1.5 т X 
д, = Ө, = 42° m М. 
ф/ = 44°15732”. | 
If the phase corrections for the signals A апа В are 
D, and £,, respectively, the correct angle АОВ 
ф= ф— В, + p, Fig. 6.17 
The observation for A was made on the bright portion, therefore the phase correction 


Ө 


2062657, cos” 2 seconds 


В, = 
206265 x 2 2 42° 
= cos 
4015 2 
= 89.55”. 
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The observation for B was made on the bright line, therefore, the phase correction 


2062657 Ө 





c COS — seconds 
206265 х 1.5 42° 
= СО$ 
5635 2 
= 51.26”. 


Thus the correct angle АОВ 
= 44°15’32” — 89.55" + 51.26" 
= 44°14/53.71”. 

Example 6.8. The directions observed from a satellite station S, 70 m from a triangulation 
station C, to the triangulation station А, B, and C are 0°00’00”, 71°32’54” and 301°16’15”, 
respectively. The lengths of AB, and AC are 16.5 km and 25.0 km, respectively. Deduce the angle 
ACB. 


Solution (Fig.6.18): 
Given that Ө = 71°32’54” 

é = 3011615" 
a= AC = 16.5 km 
b = BC = 25.0 km 
а= SC = 70 т 
y = 360° – 301?16'15" = 58°43'45”. 

From Eq. (6.11), we have 
ф=0-о+ В 

From Eq. (6.9), we have 


a = 206265 2 di Y seconds 
a 


= 206265 x E = sin 58^43/45" 
16.5ж1000 


= 747.94” = 1227.94”. 
From Eq. (6.8), we have 








В = 206265 “sin (Ө + у) seconds 


70 ^, » "d » 
= 206265 x — ——sin(71:3256 +58°43 45 
В 25.0х1000 ( ) seconds 


= 440.62” = 720.62”. 
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Thus ф = 71°32/56” —12/27.94" + 720.62” 
= 71°27'48.68”. 


Example 6.9. 5 is a satellite station to a triangulation station А at a distance of 12 т from А. 
From S the following bearings were observed: 


А = 0?00'00" 
В = 143°36'20” 
С = 238?24'48" 


D = 307?18'54" 


The lengths of lines AB, AC, and AD were measured and found to be 3190.32 m, 4085.15, 
and 3108.60 m, respectively. Determine the directions of B, C, and D from A. 


Solution (Fig.6.19): 


If оц, 0, and о; are the corrections to the observed directions, the required directions from 
the stations A will be (Ө; + 0) for B, (0, + 05) for C, and (0, + ©.) for D. Since the distances 
SB, SC, and SD are quite large compared to the distance SA, the distances AB, AC, and AD, 


respectively can be taken equal to them. The corrections can be computed from the following 
relationship that is same as Eq. (6.9), 1.е., 


о = 206265 d sin 0 seconds 
a 








о, = 206265 x —l4 sin 14393620" 
Thus | 3190.32 


= 460.34” = 7740.34” 
12 





Оо = 206265 x sin 238°24’48” 
4085.15 


= — 516.13” = - 836.13" 
12 1 o y и 
оз = 206265 x —— sin 307°18/54 
3108.60 


= - 633.24” = 10733.24”. 
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Therefore, the directions from A to 
В = 143?36/20" + 740.34” 143°44'00.34” 
С = 238?24'48" – 836.13” = 238°16'11.87” 
D = 307?18'54" – 1033.24” = 307°08’20.76”. 
Example 6.10. In a triangulation survey, the station C could not be occupied in а triangle ABC, 


and a satellite station S was established north of C. The angles as given in Table 6.1 were measured 
at S using a theodolite. 














Table 6.1 
Pointing on | Horizontal circle reading 
A 14?4327" 
B 74°30'35” 
С 227°18'12” 








Approximate lengths of AC and BC were found by estimation as 17495 m and 13672 m, 
respectively, and the angle ACB was deduced to be 59°44’53”. Calculate the distance of S from С. 


Solution (Fig.6.20): 


ZASB = Angle to B — angle to A 
= 74°30’35” — 14°43’27” = 59°47'08” 
ZBSC = Angle to C – angle to В 
= 227°18'12” – 74°30’35” = 152°47'37” 
ZASC = 360° — (ZASB + ZBSC) 
= 360° - (59°47'08” + 152°47'37”) = 147?25'15". 
By sine rule in A’s ASC and BCS, we get 











AC d | d sin ASC 
= or sin “= 
sin ASC sind AC 
BC d | d sin BSC 
= т. A B 
and sin BSC sin о шр ВС 


For small angles, we can take 





. Ns » a” о В 
sina =a sinl = 
206265 i 
17495 m 13672 m 
В” 5 
sin В = B^sinl' = 
pap 206265 ` | 
| 
Therefore ate 206265 x d жзш 147 25 15 — 63484 b 





LINES Fig. 6.20 
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B” = 206265 x d x sin 152°4737” 
р 13672 
The angle ф is given by Eq. (6.12) 
ф = /АЅВ -a – В 
= 59?47'08" — (6.348 + 6.898) d 
= 59°47'08” — 13.246 d. 
But the value of ф is given as 59°44’53”. Therefore 
59°44’53” = 59?47'08" — 13.2464 


= 6.8984. 


59^47'08" — 59? 44/53" 
13.246" 





59.7855556 — 59.7480556 
(13.246/3600) 





= 10.192 m. 


Example 6.11. Determine the coordinates of a point R from the following data: 
Coordinates of P = E1200 m, N1200 m 
Coordinates of О = E400 m, N1000 m 
Bearing of PR = 62?13'40" 
Bearing of QR = 38?46/25". 
Solution (Fig. 6.21): 
Let the coordinates of R be (X, Y), and the bearings of PR and QR be œ and В, respectively. 


a= 38°46’25”, В = 62?13/40" R (X, Y) 








X —1200 
чл ry 1200 
X —400 
tan = 
an = y "1000 
Or Y tana —1200tana = X —1200 Q (400, 1000) P (1200, 1200) 
Ytanf —1000 па = X -400  ...(a) Fig. 6.21 
or X = Y tang -1200tana +1200= Y tan B —1000tan В + 400 
1200 tan œ —1000 tan В — 800 
y= B ; ...(b) 





tana — tan В 


Substituting the values of œ and В in (b), we get 
У = 1583.54 m 
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and from (a), we get 
X = 1508.08 m. 


Example 6.12. In a triangulation survey it was required to establish a point P by taking 
observations from three triangulation stations A, B, and C. The observations made are as under: 


ZPAB = 65?27T'48" 
ZPBA = 72°45'12” 
“РВС = 67°33'24” 
ZPCB = 78°14'55” 
АВ = 2600 т 
ВС = 2288 т. 


Determine three distances АР, BP, and СР to fix Р. 


Solution (Fig. 6.6a): 
In the quadrilateral ABCP, we have 


0 - + ZPAB + ZPBA + ZPBC + ZPCB = 360° 
= 360° — (65?27'48" + 72?45'12" + 67°33’24” + 78°14’55”) – ф 








or 0 
= 75°58’41” – ф 
= р ф ...(а) 
where € is = 75°58°41”. 
From Eq. (6.14), we have 
| BC sin PCB ѕіпӨ 
sing = : 
AB sin PAB 
2288 x sin78?14/55" . 
- sino 
2600 x sin65?27' 48” 
= 0.94708 sin Ө. ... (b) 


Substituting the value of 0 from (a) in (b), we get 

sin ф = 0.94708 sin (£ — 0) 
0.94708 (sine cos — cose sind) 
0.94708 (sin£ cot d — cos£) 


— 
Ш 


1 


cot ф = coté+ а a 
0.94708 sin£ 


Substituting the value of &, we get 
cot ф = 1.33804 
ф = 36?46/23". 
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Therefore Ө = 75°58'41” — 36?46'23" 
= 39?12/18". 
Hom AAPB, we get 


AP AB BP 
sin PBA  sinO sin PBA 























2600 x sin 72°45/12” 
АР = _ = 3928.35 т 
sin 39712718” 
2600x sin 65°27'48” 
ВР = т = 3741.85 т. 
sin 39^12/18" 
From ABPC, we get 
CP ВС ВР 
sin РВС sinó sin PCB 
2288 x sin 67^33/24" 
СР = = 3532.47 т 
sin 36° 46’23” 
2288 x sin 78^14/55" 
BP = = 3741.85 m. 
sin 39°12’18” 


The two values of BP being same, give a check on the computations. 


Example 6.13. To establish a point P, three triangulation stations A, B, and C were observed 
from P with the following results: 


ZAPB = 39°12/18” 
ZBPC = 36°46’23” 
ZABC = 140°18’36” 
AB = 2600 m 
BC = 2288 m. 
Compute the lengths of the lines PA, PB, and PC to establish P by the method of resection. 
Solution (Fig. 6.6b): 
It is given that 


Ө = 39°12'18” 
В = 140518736” 
ф = 36°46'23” 
а = 2600 т 
b = 2288 m. 
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In the quadrilateral ABCP, we have 
a + В +у + 9+0 = 360° 


a + ү = 360° - В +0 + ф) 
= 360° - (140°18’36” + 39°12/18” + 36°46’23”) 











= 143°42/43” 
1 
5 (9 * Y) = isis". ...(а) 
From Eq. (6.14), we get 
sin Y asin ф 
- = - ...(b) 
sin Œ bsin@ 
sin Y 
tanA - st ... (c) 
Adding unity to both sides, we have 
sin 
А 4 +1 = tanA+ 1 
sin Œ 
sina + sin y o 
— — ———- = tanA-tan45 +‹(й) 
sin @ 
Subtracting both sides of (с) from unity, we get 
sin Y 
l--— = ]-tanA 
sin С 
sin Œ — sin б 
HEC CR = 1-— (ап 45 ап А e) 


sin а 
Dividing (e) by (d), we have 


sina — sin y 1— tan45?tanA 
sina+siny ^  tanA-tan45? 





1 1 
2cos — (œ + y )ѕіп —(a@ — 
cos ( y)sin > у) 1 





2sin  +у)соз > @-7) tan( 45° +) 


cot 2 (0 + tan 7 (a — y) - cof 45° +A) 
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апа 


1 
tan — (а — 
an ( 7) 


From (b) апа (с), we get 


tan A 


A 


Substituting the value of A and У2(@ + 


1 
tan — (0 — 
an ( y) 


Thus —@+у)+ —@-y) 


h ЛАВР, we have 


In ACBP, we have 


Check: 


Now from A’s ABP 


“АВР + a+ 0 
АВР 


“СВР + y+ ф 
ZCBP 


ZABC 


p) 


and CBP, we have 


X 
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cof 45° +4 Jan (rer) ... (В) 
2600 x sin 36^ 46/23" 
" = 1.076228 
2288 x sin 39712718” 
47°06’09.54”. 


from (a) in (f), we get 
co 45° +47°069.54" JanTi'sr2i s 


— 0.112037 

= 6?23/33.33". 

@ = 71*5121.5" — 6°23'33.33" 
65°27'48.17” 


y = 71°51’21.5” + 6?23'33.33" 


78°14/54.837. 
180° 
180° — (м + Ө) 


180° — (65?27/48.17" + 39?12/18^) 
75?19'53.83". 


180? 

180? - (y +9 

180? — (78?14/54.83" +36°46’23”) 
64°58742.17”. 

САВР + ZCBP = 75°19753.83” + 64°58’42.17” 
140°18’36” (Okay). 


a У 





sin ABP 


© sin@ sina 
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asin ABP 
sin Ө 
2600 x sin 75°19’53.83” 


= : - 397923 m. 
sin 3912/18" 





a sin а 





sin Ө 


2600x sin 65^ 2748.17" 
= = 3741.85 т. 


sin 39712718” 





у Ь _ 5 
sin Y sinó ѕіп CBP 





bsin y 
$10 ф 


_ 2288xsin78 1454.83 у 


sin 36° 4623” 





bsin CBP 
sin ф 


2288 x sin 64^58/42.17" 
- = 3463.26 m. 


sin 36° 46/23” 





Example 6.14. To determine the sea- level distance between two stations A and В, А being 
lower than B, the measured slope distance between A and B, and corrected for meteorological 
conditions, is 32015.65 m. The measured vertical angles at A and B аге + 3°40’15” and —3?51/32^, 
respectively. The elevation of point A is 410.22 m. Determine the sea level distance between the 
points. Take mean earth's radius as 6370 m. 


Solution (Fig. 6.7): 
From Eq. (6.23), we get 


ZBAB’ = ~(a+B) 


N 


E (ruis essem] 


= 3°45753.5”. 
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апа 


From Eqs. (6.24) and (6.25), we get 
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sin — = — = 
2 2 


ZAB'B = 


ZABB’ = 


From Eq. (6.26), we have 


АВ” 


From Eq. (6.27), we have 


MN 


From Eq. (6.29), the sea level distance 


S 


in 0 Е 0 _ ABcos BAB' 
2R 


_ 32015.65 x cos 30? 45' 53.5" 


radians 


x206265 seconds 





2 x 6370 x 103 
517.23” = 837.23”. 


90° +? 
2 
90 + 837.23” = 90°08’37.23” 
1 0 
== 
je *8)-5 


90° —3°45’53.5” —8°37.23” = 86°05'29.27”. 


AB sin ABB’ 
sn( 90° + e) 


32015.65 x sin 86°05'29.27” 


sin 90^08/37.23" 
31941.286 m. 


an") 
R 


31941.286x[1- 





410.22 
6370x1000 


31939.229 m. 


MN? 


MN 4 — — 
24R? 





31939.229? 
24x 6370? x10 


31939.262 m. 


31939.229 + 
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Example 6.15. Solve the Example 6.14 when the elevations of stations A and B are respectively 
1799.19 m and 4782.74 m, and the vertical angles not observed. 


Solution (Fig. 6.8): 
The difference in elevations 
Ah = 4782.74 — 1799.19 
= 2983.55 m. 
From Eq. (6.30), we have 
Ah? 


ы АВЕ 
Bn 2AB 


2983.55? 
= Забавы 220289 = 31876.63 1 m. 
2х32015.65 


From Eq. (6.26), we have 
AB’ 


Ө AB 
2 OR radians 


_ 31876.631х 206265 — . 
=  2x6370x1000 881% 
= 516.096” = 836.09” 


From Eq. (6.31), the more accurate value of AB’ 








2 
= Ай=| Айын + 
2 2АВ 
2 
= 32015.65— 2983.55 x sin 836.09" + 2259-99 
2 32015.65 
= 31869.166 m. 
From Eq. (6.27), we have 
MN = ap (1-44) 
R 
= 31869.166х 8 
6370x10? 
= 31854.239 m. 
From Eq. (6.29), the sea level distance 
3 
S = MN+ и 
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31854.2393 
24х 6370? x10° 
= 31854.272 т. 


Example 6.16. In a geodetic survey, the mean angles of a triangle ABC having equal weights, 
are as below: 


= 31854.239 + 





ZA = 62°24'18.4” 
ZB = 64?56'09.9" 
ZC = 52?39'34.4". 


Side AB has length of 34606.394 m. Estimate the corrected values of the three angles. Take 
the radius of the earth to be 6383.393 km. 
Solution (Fig. 6.9): 


In order to estimate the spherical excess using Eq. (6.32), it is necessary to estimate the area 
of the triangle ABC. For this purpose it is sufficiently accurate to assume the triangle to be as a 
plane triangle. Thus the sum of the three angles should be equal to 180°. To satisfy this condition 
the value (ZObserved angles — 180°)/3 must be deducted from each angle. 


1 
3 (ZObserved angles — 180?) 


1 
3* (62?24'18.4" + 64°56'09.9” + 52?39'34.4" — 180?) 


0.9”. 


Thus the plane triangles аге 


> 
| 


= 62°24'18.4” — 0.9” = 62?24'17.5" 
= 64°56'09.9” — 0.9” = 64°56’09.0” 
С = 52°39734.4” — 0.9” = 52°39733.5” 
180°00700”. 


ies] 


Sum 


By sine rule in AABC, we get 


AB ВС 
sinC  sinA 








_ ABsin A 
sin C 


BC 


34606.394 x sin 62^ 24/17.5" 
- A = 38576.121 m. 
sin 52 39 33.5 
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Area of the AABC 


Ao = 5 ABBCsin В 


= ых 34606.394 x 38576.121x sin 64°56'09” 


= 604.64 km’. 
From Eq. (6.32), we have 


А, 
R?sinl" 
604.64 


ioc 205265 = 3.06”. 
6383.393? m 


Thus the theoretical sum of the spherical angles 
= 180 + € 

180? + 3.06" 

= 180?00'3.06". 


The sum of the observed angles 


180° + 3 x 0.9" 
= 180?00'02.7". 


Therefore, the triangular error 
= 180?00'02.7" — 180°00’3.06” = - 0.36". 


Since the angles were measured with equal reliability, the correction to each angle will be 
+ 0.367/3 = + 0.12”. 


Therefore the corrected angles are 
А = 62°24'18.4” + 0.12” = 62°24'18.52” 
В = 64?56'09.9" + 0.12" = 64°56'10.02” 
С = 52?30'34.4" + 0.12" = 52°39’34.52” 
Sum = 180?00'00". 


OBJECTIVE TYPE QUESTIONS 


1. Control for survey can be provided by 
(a) ‘Triangulation. 
(b) Trilateration. 
(c) Traversing. 
(d) All of the above. 
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The distance of visible horizon for a point having an elevation of 637.5 m is 
(a) 6.735 km. 


(b) 67.35 km. 
(c) 10km. 
(d) 100km. 


A strongest route in a triangulation net has 
(а) minimum value of R. 


(b) maximum value of R. 
(c) minimum value of Jm. 


(d) maximum value of Jm. 


where R= 2-С y (82.848587) 
D 

In a braced quadrilateral, the position of unknown corner points can be determined by 
(a) a single route only. 
(b) two alternative routes only. 
(c) three alternative routes only. 
(d) four alternative routes only. 
Phase correction is required when the observations are made on 
(a) Pole signals. 
(b) Cylindrical signals. 
(c) Pole and brush signals. 
(d) Beacons. 
The errors in horizontal angle measurements due to eccentricity of signal, is eliminated completely by 
(а) the method of repetition. 
(b) the method of reiteration. 
(c) both the above method. 
(d) none of the above. 
The problem of reduction to center is solved by 
(a) taking a long base line. 
(b) removing the error due to phase. 
(c) taking a satellite station. 
(d) taking well-conditioned triangles. 
A satellite station is a station 
(a) close to the main triangulation station that cannot be occupied for making observations. 
(b) also known as an intersected point. 
(c) also known as a resected point. 


(d) which falls on the circumference of the circle passing through three main triangulation 
stations. 
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9. 


10. 


11. 


12. 


The horizontal refraction is minimum between 

(a) 6 AM to 9 AM. 

(b) 10 AM to 2 PM. 

(c) 8 AM to 12 Noon. 

(d) 2 PM to 4 PM. 

The vertical refraction is minimum between 

(а) 6 AM to 9 AM. 

(b) 10 AM to 2 PM. 

(c) 8 AM to 12 Noon. 

(d) 2 PM to 4 PM. 

A grazing line of sight is that line which 

(a) joins two stations which are not intervisible. 

(b) is at least 3 m above the intervening ground between two stations. 
(c) touches the intervening ground between two stations. 

(d) joins the signals at two stations kept on towers. 

Sum of the three angles of spherical triangle 

(а) is always less than 180°. 

(b) is always more than 180°. 

(c) is less or more than 180? depending the location of the triangle on spheroid. 
(d) is equal to 180°. 


ANSWERS 
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